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L a m i n a r  f lows d u r i n g  p e r i o d i c  p r e s s u r e  d r o p s  and t r a n s v e r s e  o s c i l l a t i o n s  of the  l iqu id -  so l id  
i n t e r f a c e  a r e  d i s c u s s e d .  

It is  n e c e s s a r y  to  know the  va lue  of l a m i n a r  f low v e l o c i t y  in the  so lu t i on  of c e r t a i n  a p p l i e d  p r o b l e m s .  
A m o n g  t h e m  a r e  the  s e c o n d a r y  f lows a r i s i n g  in tub ing  d u r i n g  t r a n s v e r s e  o s c i l l a t i o n s  and the i n s t a b i l i t y  of 
n o n r e s o n a n c e  v i b r a t i o n a l  hea t i ng  in i n f r a r e d  h e a t e r s .  

In w o r k  on the u l t r a s o n i c  c a p i l l a r y  e f fec t  [1, 2], i t  Was found tha t  d u r i n g  con tac t  of the  u l t r a s o n i c  
r a d i a t o r  s u r f a c e ,  which  was  s u b m e r g e d  in a l iquid ,  wi th  the  end of a c a p i l l a r y  a flow r a t e  in the  c a p i l l a r y  
of the  o r d e r  of 10 -1 m / s e e  was  o b s e r v e d  and the  v e l o c i t y  was  an o r d e r  of m a g n i t u d e  l e s s  without  con tac t ;  
an i n c r e a s e  in the  f r e q u e n c y  of the  sound  s o u r c e  above  20 kHz had no e f fec t  on the  f low r a t e ,  and the  m a x -  
i m u m  v e l o c i t i e s  w e r e  o b s e r v e d  in c a p i l l a r i e s  wi th  r a d i i  of 0 .35-0 .4  m m .  

The  da t a  c i t ed  p r o v i d e s  a b a s i s  fo r  e x p l a n a t i o n  by m e a n s  of m o d e l s  which  c o n s i d e r  the  f low of an in-  
c o m p r e s s i b l e  f lu id  in a r i g i d  c y l i n d r i c a l  tube  u n d e r  the  ac t i on  of p e r i o d i c  f o r c e s  and m o d e l s  which  c o n s i d e r  
s o n i c  f lows p r o d u c e d  by  t r a n s v e r s e  o s c i l l a t i o n s  of the  channe l  w a l l s .  

We c o n s i d e r  the  c y l i n d r i c a l  tube  to  be  n a r r o w  in the  a c o u s t i c  s e n s e  (R << k) .  

Mode l  I. We a s s u m e  the d e s i r e d  v e l o c i t y  d i s t r i b u t i o n  is i ndependen t  of the  x c o o r d i n a t e ,  a long  which  
the  tube  ax i s  is  d i r e c t e d .  In th i s  c a s e ,  the  c o n v e c t i v e  t e r m s  in the  equa t ion  of m o t i o n  van i sh ,  and the equa-  
t ion  of n o n s t a t i o n a r y  l a m i n a r  f low t a k e s  the  f o r m  [3] 
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The boundary condition for Eq. (I) corresponds to adhesion of the liquid to the wall, 

v(R, t) ~ . O. (2) 

At the  i n i t i a l  t i m e ,  the  l iquid  is  a t  r e s t ,  

~,(r, o ) :  o. (3) 

I f  a o n e - t o - o n e  co r respondence  is es tab l i shed  between the f o l l o w i n g  p a r a m e t e r s  (the s o - c a l l e d  e lec -  
troacoustic analogy [4]), electric admittance A and acoustic admittance A, voltage E and force f, current 
I and velocity v, the liquid flow velocity under the action of an arbitrary force is described by an 'acoustic 
Ohm's Law" given in the form of a contraction of force and total admittance, 

v = f * A. (4) 

P e r f o r m i n g  a L a p l a c e  t r a n s f o r m a t i o n  of l~q. (1) wi th  r e s p e c t  to the  v a r i a b l e  t and us ing  the  expans ion  
t h e o r e m  [5] fo r  p u l s a t i n g  f low w h e r e  f(t) ~ Re(f0eio~t) , we ob ta in  

v(r, t ) = R e { f o [ d , e " ~  ~-~ dhe"kt]} 
Je=l 
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Fig .  1. V e l o c i t y  p r o -  
f i l e  fo r  s e c o n d a r y  a c o u s -  
t i c  f low in a channe l  wi th  
1~ = 0 . 7 5 " 1 0  - 3 m :  1) o~ 
= 1265 s e e - l ;  2) co = 3126 
s e e - l ;  3) w = 4 3 6 6 6 e c  -1. 

w h e r e  

and t r a n s f o r m s  to an  e x p r e s s i o n  c o r r e s p o n d i n g  to  the  r e s p o n s e  of the  s y s t e m  
(1)-(3) to  a 6 - s h a p e d  p e r t u r b a t i o n  when o: < R2/A~v;  a t  h igh f r e q u e n c i e s ,  th i s  
t e r m  m a k e s  no s i g n i f i c a n t  c o n t r i b u t i o n  to the  d e t e r m i n a t i o n  of the  v e l o c i t y ,  

• 1 - -  , (5) 
(0 - -  ~ " 

F o r  It , / w / v  >> 1, t he  t i m e - a v e r a g e d  s q u a r e  of the  v e l o e i t y  d e t e r m i n e d  by 
m e a n s  of d I h a s  a m a x i m u m  whieh  is  not  l o c a t e d  on the  tube  ax i s  but is  d e -  
t e r m i n e d  by the  r e l a t i o n  

Y O) 

(R - -  rmax) V - ~ -  ~ 2,8. 

Th i s  phenomenon  was  o b s e r v e d  e x p e r i m e n t a l l y  by  E. R i c h a r d s o n  and E. T a y l o r  [6]. 

Knowing the  a v e r a g e  a d m i t t a n c e  o v e r  a c r o s s  s e c t i o n ,  

R 

2 f r A ( r ,  t) dr. -~(0 = R--;'~ 
0 

the  a v e r a g e  v e l o c i t y  o v e r  a c r o s s  s e c t i o n  can  be  ob ta ined  for  a n a r r o w  tube .  
u s i n g  the  a p p r o x i m a t e  e x p r e s s i o n  [7] 

J,  (x i  I/~ ) 
do(xil/2 ) ~ i, 

we ob ta in  the  a v e r a g e  a d m i t t a n c e  o v e r  a c r o s s  s e c t i o n  on the  b a s i s  of Eqs .  (5) and (6), 

(6) 

A s s u m i n g  1~ 4 co/v >.10 and 

(7) 

F o r  a p r e s s u r e  g r a d i e n t  of 106 N / m  3 with  c0 ~ 105 s e c  -~ and v ~ 10 -6 m 2 / s e c ,  the  f low v e l o c i t y  c a l c u l a t e d  
f r o m  Eqs .  (4) and (7) does  not  e x c e e d  10 .2 m / s e e .  

Thus the  o b s e r v e d  f lows [1, 2] w e r e  not  c a u s e d  by a p e r i o d i c  p r e s s u r e  d r o p  a t  the  ends of a c a p i l l a r y  
c r e a t e d  by an u l t r a s o n i c  s o u r c e .  

Model  II.  We  a s s u m e  tha t  t he  f lows a r i s e  t h r o u g h  the  ac t i on  of f i e l d s  c o n c e n t r a t e d  at  the  l i q u i d - s o l i d  
b o u n d a r y .  F o r  both s t a n d i n g  w a v e s  and fo r  an o s c i l l a t i n g  c y l i n d e r ,  the  p r o p e r t i e s  of t h e s e  f lows a r e  m a n i -  
f e s t  n e a r  the  b o u n d a r y  at  a d i s t a n c e  of the  o r d e r  of the  t h i c k n e s s  of the  a c o u s t i c  b o u n d a r y  l a y e r ,  6 a k  
= [3 -1 (4 -~v ) /w .  In the  p r e s e n t  e a s e ,  co is  one of the  n o r m a l  o s c i l l a t i o n a l  f r e q u e n c i e s  of the  c a p i l l a r y .  Be -  
c a u s e  of the  c o m p l e x i t y  of the  d e t e r m i n a t i o n  of b o u n d a r y  cond i t ions  fo r  f lows in a n a r r o w  c y l i n d r i c a l  tube  
u n d e r g o i n g  t r a n s v e r s e  o s c i l l a t i o n s ,  we c o n s i d e r  the  f lows p r o d u c e d  in a p l ane  channel  by t r a n s v e r s e  o s -  
c i l l a t i o n s  of i t s  b o u n d a r i e s .  

E x c i t a t i o n  of a g l a s s  c a p i l l a r y  by an u l t r a s o n i c  s o u r c e  o c c u r s  in  a l i m i t e d  f r e q u e n c y  s p e c t r u m  r e -  
s u l t i ng  f r o m  the  i n e r t i a l  p r o p e r t i e s  of the  c a p i l l a r y  which  l e ad  to  c o n s i d e r a b l e  d a m p i n g  of n o r m a l  o s c i l l a -  
t ions  when ~o > 104 s e c  -1. An  i n c r e a s e  in the  f r e q u e n c y  of the  exc i t i ng  s o n i c  s o u r c e  above  20 kHz a t  con-  
s t a n t  p o w e r  has  no s i g n i f i c a n t  e f fec t  on the  o s c i l l a t i o n a l  s p e c t r u m  of the  c a p i l l a r y .  

It was  po in ted  out [8] tha t  when flh > 5, t he  b o u n d a r y  at  z = 2h has  no e f fec t  on flow n e a r  the  t e s t  
p o r t i o n  of the  b o u n d a r y  at  z = 0. 

In the  a p p r o x i m a t i o n  

i(o~ io~t i (o t  , P = P 0 + P l  e , P = Po - -  P1 e , V == Vle -r  ~.,. 
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T A B L E  1. Va lues  of S e c o n d a r y  F low P a r a m e t e r s  

(0, Se.a -1 

1265 
3126 
4366 

(R--rm).lO'% m [~, m -1 

0,6 
0,375 
0,3 

25152 
39534 
46723 

13 (R--r m ) 

1,5 
1,5 
1,4 

we ob ta in  equa t ions  fo r  the  r o t a t i o n a l  p o r t i o n  

2V--lc = i~3--'rot rot~Vlc, 

and fo r  the  i r r o t a t i o n a l  p o r t i o n  when fi >> w / e  

2Vlb  . . . .  i~ -~ graddiv l,~zb �9 

f r o m  the  N a v i e r - - S t o k e s  equa t ion ,  the  con t inu i ty  equat ion ,  and the  a d i a b a t i c  r e l a t i o n  which connec t s  the  
v a l u e s  of Pl  and p~, hav ing  r e p r e s e n t e d  ~z 1 in the  f o r m  of the  s u m  

V 1 = 1/Jc --:- t"lb" 

where 

div VIo = 0, 

On the basis of Eqs. (8) and (9), we obtain as in [8] 

k'~= {%(1 - r ,  O; t I - -  e -); k 

fo r  the  p l ane  channel ,  w h e r e  

rotV~b = O, 

O:.,l~ 

Ox 

r ( I-  i~.  

Ox 

The  c o m p o n e n t  Vlx is a v i s c o u s  Stokes  wave  a t t a c h e d  to  the  b o u n d a r y  and the  n o r m a l  componen t  Vtz a t  z 
= 0 is  equa l  to  the  n o r m a l  v e l o c i t y  of t he  b o u n d a r y ,  

i o~ i 
V]: i 

z=0 OZ z=0 

We ob ta in  the  t a n g e n t i a l  c o m p o n e n t  of  s e c o n d a r y  flow v e l o c i t y  f r o m  

O"v.2. ~ / 8vl \ , &, 
v Oz" ~ v ~  Ox / ~ d~= Oz / '  

w h e r e  the  s y m b o l  (} deno t e s  a v e r a g i n g  o v e r  a c y c l e .  

On the  b a s i s  of Eq.  (10), we have  

~ V l x  _ Ovlx \ - c0-I 
Ox / 2 

Vlz O~x \ 0,)-1 
8z / 2 

w h e r e  

F o r  the  b o u n d a r y  cond i t ions  

dvo ( 1 - - 2 C  -~ e--%'), UO ~-X 

7 arc ~ (c s)j 
= - - - ~ , o  ~ -  s -  G -  

we ob t a in  f r o m  Eq. (11) 

C = e - ~  cos ~z, S = e-~%in~z .  

OU'2x z lz. v,.,'= o = 0 ,  - ~  = = 0  

O)- t  
po x - -  

Ov o ( 1 
v o Az  - -  [Fz ~" - -  E - -  2 S  }-- 

2 O - x -  2 

( c - - s - - I ) - ;  1 - - c i  , 
k 1 

(s) 

(9) 

(Io) 

(11) 

(12) 
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where 

E = (1 - -  e-2E3z), 

A = 2~Zh -? 13 r 3c (h) - 5s (h) + 2 ~ C (h) - -  e-2~]. 
L k J 

It is c lear  f rom Eq. (12) that the tangential component V2x of the secondary  flow is di rected toward reduc-  
tion of v 0 (immobilization of the capillary),  as has been observed [1, 2]. 

The profi le of V2x in the charmer is shown in Fig. 1 for R = 0.75 �9 10 -3 m and it is of in teres t  that the 
maximum V2x is separated f rom the boundary by a distance satisfying the relat ion (Table 1) 

�9 p (R--rmax) ~--- 1,5. 

Calculations based on Eq. (12) for k ~ 10 -1 m, 40 ~ 10-5 m, and R ~ 10 -3 m give values for secondary flow 
velocity of the o rder  of 10-2-10 -1 m / s e c .  A calculation of secondary flows averaged over c ross  section 
shows a tendency toward reduction in velocity with inc rease  in capi l lary radius from 0.4 to 1 ram, which 
resul ts  f rom the recluction in the contribution of acoustic flows. 

t 
X ,  Z 

r 

R 

P0, P0 
Pl, Pl 
Xk 
2h 
k 

t0 
k , C 

NOTATION 

is the t ime; 
a r e  the coordinates;  
is the cur rent  radius;  
is the internal radius of tube; 
is the kinematic viscosi ty;  
a re  the equilibrium p re s su re  density; 
a re  the variat ion of p ressure ,  density in sonic wave; 
is the zeroes  of Bessel  function of zeroth order ;  
is the height of channel; 
is the wave number  of respect ive  boundary mode; 
is the t r a n s v e r s e  displacement of boundary; 
a re  the wavelength and sound speed in liquid. 

1 .  
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